This theorem can be interpreted in the following way. Let X lf , X n be a basis for the left invariant vector fields and Y ί9 , Y n one for right invariant vector fields. Then we can define two Casimir operators, C L using X* and C R using Yi. The Theorem 1.1 can then be stated as follows. THEOREM 
The Laplacian on p-forms is given by Δ -(C L + C B )/2.
It was in this form that the resnlt was first made known to the author, see [1] . The advantage of our approach over that in [1] is that we avoid long calculations in local coordinates. One should notice that in the case p = 0 everything reduces to the well known situation on functions. In Theorem 1.1 we are forced to take λ = μ 9 then c(λ, μ) = c(λ) and n x (μ) -1. Similarly in Theorem 1.2 we have that for p = 0, C L = C R so Δ = C is the usual identification of the Laplacian with the Casimir operator. Secondly we notice that the expression in Theorem 1.2 is symmetric between left and right invariant parts. This symmetry has been hidden in Theorem 1.1 by chosing a trivialization of T\G) by left invariant vector fields. However, in return for this loss of symmetry we have more explicit formulae.
The main Theorem 1.1 is proved in §6 of this paper. Before we can prove this we need to establish some notation and some standard results. In § 2 we review results on representation theory for a Lie group. This is followed by § 3 on identifying G as a homogeneous space and § 4 on the relationship between the group theory and results from Differential Geometry of manifolds. Section 5 contains a partial result which is left in terms of homogeneous spaces and then in § 6 this is strengthened to our result. Finally § 7 contains the example of spec^St/^)).
There are some more general results, see [6] , concerning differential operators on homogeneous spaces. By working with more specific cases, natmely Lie groups, we have been able to obtain more detailed results. This provides explicit formulae to help with calculations as in the case of spec^SC/^)) and so our paper provides some information complementary to that in [6] , Finally, I wish to acknowledge the useful discussions I have had with other mathematicians, particularly Jiri Dadok and Richard S. Millman, and to thank them for their help.
2* The representation theory of a Lie group* In this section we shall review the results from representation theory which we need. These are all well known and so the reader is referred to [2] or [4] for details and proofs. However, since notations vary between authors we need to describe the results in our context.
Let G be a compact, semi-simple simply connected Lie group. Then all the irreducible representations of G are finite dimensional. If G denotes the space of all irreducible representations then the highest weight theorem gives us a description of G. To study differential operators on G we introduce the Lie algebra g of G. We can identify g with the left invariant vector fields on G.
REMARK. We could also have identified g with right invariant vector fields. By making the choice of left invariant vector fields we have introduced some asymmetry which will appear later.
Let U be the universal enveloping algebra of g and Z(U) be the center of U. Then we can identify U with the set of all left invariant differential operators on G and Z(U) with the bi-invariant operators. Given a representation π λ of G we can differentiate this to get a representation of g and then extend it to U. All of these are denoted by π λ whenever no confusion arises: 2 
and a basis for the space of eigenfunctions is the set of matrix coefficients of π λ .
If < , > denotes the positive definite inner product on g induced from the Killing form by changing sign, then consider the following sequence of maps:
Here the first map is the natural isomorphism, the middle comes from the isomorphism g* -»g given by < , ) and the last map is the inclution of the Poincare-Birkhoff-Witt theorem. Now Hom(g, g) has a distinguished element, the identity map, so we take its image under the sequence of maps which we denote by C eU. Then C is called the Casimir element and it is easy to see that C corresponds to the Laplacian defined by the Riemannian structure on G given by <,>. Let
then we can describe c(λ) explicitly. Set In this ||α|| 2 = <α, a) is the norm on g* induced from the Killing form. Thus we have a complete description of the eigenvalues and eigenf unction of the Laplacian defined on L\G).
THE SPECTRUM OF THE LAPLACIAN ON FORMS OVER A LIE GROUP 377 THEOREM 2.5. For each λePn D c(λ) is an eigenvalue of Δ on L\G) and the corresponding eίgenspace is spanned by the matrix coefficients of π λ . Conversely if Δf -nf then n = c(λ) for some xePf) D and f is a linear combination of matrix coefficients of representations π λ with c(λ) = n.
We must describe the representations of the group G = G x G. This is done in terms of the representations of G. For λ, μ e P Π D the pair (λ, μ) is the highest weight of a representation of G. More precisely,
with the action on the element x®y eH λ (g) H μ given by
We must also know the action of the Laplacian on G. By Theorem 2.5 since G is also a compact semi-simple simply connected group we have only to give the polynomial c(λ, μ). The result now follows since p -(p, p) and we are now working with the product norm so (2.15) \\{a,βW= Hall 2 + H/3II 2 .
3 The Lie group as a homogeneous space* In this section we shall consider the Lie group G as a quotient space of the group G = GxG. Let
Consider the map G-+G given by (x, y) -> xy then this has kernel diag G and so we have a short exact sequence
Notice that the last map is not a homomorphism so that G = G/diag G as manifolds, the group structure however has been lost. Essentially we are studying how the Riemannian structures in the terms in the sequence (3.2) are related.
On the Lie group G we have a Riemannian structure induced by the Killing form. Since G is compact and semi-simple the Killing form,
is a negative definite bilinear form on g, the Lie algebra of G. We identify the tangent space T g (G) with g by left translation:
Then we can define an inner product on T g (G) by
for ξ, η 6 T g (G) . Now the group G has the product Riemannian structure induced from G, since G = G x G. Let < , >^ denote the Riemannian structure on G coming from the projection G -> G. Then one can check that (3.6) <£, ^>. = 2<f, ^> .
If Δ denotes the Laplacian on functions on G and Δ the Laplacian on G coming from that on G then one consequence of (3.6) is
In the next section we shall see that this result is also true on forms.
To finish this section we shall describe the connection between representations of G and bundles over G. Let (3.8) π: G > Aut E be a representation of G, not necessarily irreducible, onto a finite dimensional space E. Then we have a representation π:
Now form the trivial bundle be the quotient under this action then it is immediate that E is a bundle over G = G/diagG. We shall E by G X τ E.
4* The deRham complex and the Laplacian* Let M be a Riemannian manifold. Of course we shall be interested in the case M = G. The cotangent bundle of M is T\M). Then we can form the bundle T P (M)\ the pth exterior power of T\M). This is the bundle with fibre at x e M given by
A section of the bundle T P (M) is called a p-form. We shall work with C°° p-forms here and then extend these to L 2 p-forms so that we can use the Peter-Weyl theorem. The space of p-forms is denoted by Ω P (M). Thus Ω\M) = C°°(M) and so there is a natural map
which extends as a derivation to The Laplacian on p-forms is
This gives us a more general form of equation (3.7) ; that is if < , and < , > 2 are two Riemannian metrics with < , X = k( , > 2 and Δ l9 are the corresponding Laplacians on p-forms then
In our case we have < , \ = < , >^, the metric induced from G = G x G, and < , > 2 = < , >, the Killing form metric. Hence (4.9) I=2J which holds not just for the Laplacian on functions but for the Laplacian on p-forms.
5* The Laplacian on p-forms* So far we have surveyed some standard material form Lie group theory and Riemannian Geometry. This has been done in such a way as to ease the proof of the main result of this paper. Before the main result comes we still need some more material. Proof This proposition follows from the following lemma, taking duals and taking exterior powers. LEMMA 
Let T(G) be the tangent space ofG then T(G) = Gχ Aά g.
Proof There are two maps T g (G) -> g, left and right translation, which we consider. These are denoted by Clearly this restricts to a vector space isomorphism on each fiber.
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To complete the proof that / is a vector bundle isomorphism we much check that / is smooth. This together with checking that / preserves Lie brackets is left to the reader as an easy exercise. Proof. Let s be a p-ίorm on G which is an eigenform for A. That is 8 is a section of T P (G) and As == ns. Then there is a section S of G x Λ P Q* which is a map
and S projects to s under the projection from the following diagram
Now the bundle G x Λ P Q* is trivial so the Peter-Weyl theorem gives a description of its sections:
Here we have used the fact that an irreducible representation is of the form H λ (x) H μ for H x and H μ irreducible representations of G. Now we can use the result giving the eigenvalues and eigenfunctions of the Laplacian to describe S. That is S is a linear combination of matrix coefficients in the representation H λ ® H μ 0 Λ P Q*, with the trivial action on Λ P Q*. The eigenvalue, which we recall is 2n, is then
The next step is to find which of these sections S project to a section of T P (G) . Let Ad p * be the pth exterior power of the dual of the adjoint action, then by equation (3.11) and Proposition 5.1 we see that the condition that S projects to a section of
here we have regarded S as a map, as in equation (5. as a subrepresentation. From (5.10) we see that the corresponding eigenvalue is n = c(λ, μ) which completes the proof of part (a) of the theorem. The proof of part (b) is completed by observing that the matrix coefficients of the representation Hχ(><)H μ <g)Λ p Q* for all λ, μ such that 2c(λ, μ) = 2n form a basis for the eigenspace corresponding to 2n on G.
6* The group structure on G/diag G. The projection G -> G/diag G gives an isomorphism G/diag = G as manifolds. However, since the map (x, y) -> xy~v is not a homomorphism the group structure is lost. In this section we remember that G has a group structure and use this to describe the Laplacian on p-forms on G. Let us recall our diagram:
1) I
We define a splitting G -> G by g-+ (g,ϊ) . Since a Lie group is parallelizable we can use left translation to give a global trivialization of the bundle T P (G). Now from the PeterWeyl theorem we can describe p-forms in terms of representations:
By using the splitting of (6.1) we can now explicitly describe a section SeΩ p (G) which is obtained from a section S: G-* Λ P Q*. By our previous work it is sufficient to do this when § is a matrix coefficient in a representation Hχ® H μ ® Λ P Q* with π μ aπf (g) Λ p Ad. That is it is sufficient to consider
with / a matrix coefficient of H x , g one for H μ and w eΛ p Q*. Then under the identification (6.2)
The main result of this paper can now be stated. Proof. This result is a translation of Theorem 5.3 under the splitting which we have defined. There is the additional part about the multiplicities because we can now pick out which elements in the spanning set are linearly independent.
We note that the techniques used in this paper can be used to describe the Laplacian on vector bundles over homogeneous spaces GjK. However, the results are not as detailed in the general case as they are in our specific case of G/diagG.
7 The example of Spec^SΣTζS))* In this section we calculate Spec 1 (S £7 (3)). That is we use Theorem 6.1 to calculate the eigenvalues and eigenforms of the Laplacian on 1-forms for the group SZ7(3). The basic facts about SU(β) are taken from [2] and so we just recall these without proof. However, the reader is warned that there are differences between the notation here and in [2] .
The group SU(S) has ranki = 2, dimension dimS?7(3) = 8 and 3 positive roots, a, β and p, with the property Thus p is half the sum of the positive roots as well as being a root. We define weights σ and τ by (7.2) σ = la + λβ, r = |α+|/3.
The lattice of weights is generated by σ and τ and the dominant weights are
These facts are summarized in the following diagram. 
where the entry in row 7, 7 = o or τ, and column Wj is w ά (y). The inner product induced by the Killing form is given in the following table: To decompose 7Γ ® Ad we use the following result, see [5] or [3] . Firstly let FJji) = Σ* w e W (-l) w δ£,, then if π (g) Ad = Σ ^π,, the numbers %" are given by The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
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